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METRICALLY UN-KNOTTED CORANK 1 SINGULARITIES OF
SURFACES IN R4.
L. BIRBRAIR, RODRIGO MENDES, AND J.J. NUN˜O-BALLESTEROS
Abstract. The paper is devoted to relations between topological and metric properties
of germs of real surfaces, obtained by analytic maps from R2 to R4. We show that for
a big class of such surfaces the normal embedding property implies the triviality of
the knot, presenting the link of the surfaces. We also present some criteria of normal
embedding in terms of the polar curves.
1. Introduction
This paper is devoted to topological and metric properties of surfaces, defined as the
image of a polynomial map from R2 to R4 with isolated singularities. The link of these
surfaces at a singular point can be considered as a knot in S3. The main question is
the following: determine the relation between the metric properties of surfaces and the
topological properties of knots. Here, we make the first steps of this theory. We recall that
the surface is called locally normally embedded at a point if the inner metric is locally
bi-Lipschitz equivalent to the outer metric. An interesting particular case is when the
surface is a complex plane curve, that is, it is parametrized by a complex polynomial map
from C to C2. It is proved by Fernandes [12] that a complex plane curve is locally normally
embedded at a point x0 if and only if x0 is a smooth point. The main result of the paper
is the following: if a surface germ (X, 0) is normally embedded and is parametrized by a
map germ F : (R2, 0) → (R4, 0) whose 2-jet is equivalent to (x, xy, 0, 0), then the link of
(X, 0) is a trivial knot.
The proof of the triviality of the knot of a normally embedded surface is based on the
height-width property of the polar set of the projection of the surface to its tangent cone.
This criterion was discovered in the PhD thesis (see [7]) of Rodrigo Mendes (the second
author of the paper). Recently a very similar criterion was announced by Leslie Wilson
and Donald O’Shea in [13].
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2. Basic definitions
Let X ⊂ Rn be a closed and connected semialgebraic set. The inner metric on X is
defined as follows: given two points x1, x2 ∈ X , dinner(x1, x2) is the infimum of the lengths
of rectifiable paths on X connecting x1 to x2. The set X is called normally embedded if
there exists λ > 0 such that
dinner(x1, x2) ≤ λ‖x1 − x2‖,
for all x1, x2 ∈ X .
A semialgebraic germ (X, x0) ⊂ (R
n, x0) is called normally embedded when there is a
normally embedded representative X ∩ U , where U ⊂ Rn is a open set containing x0.
Theorem 2.1. (Arc criterion [5]) Let (X, x0) ⊂ (R
n, x0) be a semialgebraic germ. Then
the following assertions are equivalent:
• (X, x0) is normally embedded;
• There exists a constant k > 0 such that for any pair of arcs γ1, γ2 parametrized
by the distance to x0 (γi(0) = x0), we have
dinner(γ1(t), γ2(t)) ≤ k‖γ1(t)− γ2(t))‖.
Now we recall other definitions we need in the next sections.
Definition 2.2. Let γ1 and γ2 be germs of semialgebraic arcs at x0 ∈ R
n. Assume that
the two arcs are parametrized by the distance tox0. The function dout(γ1(t), γ2(t)) =
‖γ1(t) − γ2(t)‖ admits a Newton-Puiseux expansion and the smallest exponent is called
the (extrinsic) order of contact of γ1 and γ2 and is denoted by tord(γ1, γ2).
By the results of Kurdyka and Orro or Birbrair and Mostowski (see [2] and [3]) there
exists a semialgebraic metric dP bi-Lipschitz equivalent to the intrinsic metric dinner. That
is why we can also define the (intrinsic) order of contact of γ1 and γ2 as the order of the
function dinner(γ1(t), γ2(t)), which is denoted by tordinn(γ1, γ2).
If X is normally embedded at x0, then:
tord(γ1, γ2) = ordt‖γ1(t)− γ2(t)‖ = ordtdinner(γ1(t), γ2(t)) = tordinn(γ1, γ2),
for any pair of arcs γ1, γ2 in X with γi(0) = x0.
Definition 2.3. A subset X ⊂ Rn is called a β-Ho¨lder triangle with vertex x0 ∈ X if
the germ (X, x0) is bi-Lipschitz equivalent with respect to the outer metric to the germ
(Tβ, 0), where
Tβ = {(x, y) ∈ R
2; 0 ≤ y ≤ xβ , 0 ≤ x ≤ 1},
and β ∈ Q ∩ [1,∞).
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Definition 2.4. Let X ⊂ Rn be a semialgebraic set. The tangent cone Tx0X of X at x0
is the closed cone over the subset Sx0X , the tangent link, defined as
Sx0X = {v ∈ R
n; v = limyj→x0
yj−x0
‖yj−x0‖
},
where yj ∈ X − {x0} is a sequence converging to x0.
Notice that the tangent cone can be also defined as the set of tangent vectors to all the
semialgebraic arcs passing through x0.
Definition 2.5. Let F : (Rn, 0)→ (Rp, 0) be a polynomial map germ (n ≤ p).
• The corank of F is the dimension of the kernel of the differential DF (0).
• For each variable xi, consider the function g(xi) = F (0, . . . , 0, xi, 0, . . . , 0). If
g 6= 0, we have
g(xi) = x
m
i g˜(xi),
for some m ∈ N where g˜(0) 6= 0. Then m is called the order of F with respect to
the variable xi and is denoted by m = ordxiF (0, . . . , 0, xi, 0, . . . , 0). If g = 0, then
we set ordxiF (0, . . . , 0, xi, 0, . . . , 0) =∞.
3. Tangent Cone and corank 1 singularities
Theorem 3.1. Let F : (R2, 0)→ (R4, 0) be an injective polynomial map germ of corank
1 and let (X, 0) be its image. Then, the tangent cone of X at 0 ∈ R4 is either a two-
dimensional plane V ⊂ R4 or a half-plane.
Proof. After an analytic coordinate change in (R2, 0) and a linear coordinate change in
R4, the map F can be presented in the following way:
(1) F (x, y) = (x, F2(x, y), F3(x, y), F4(x, y)),
where ordy(F2(0, y)) < ordy(F3(0, y)) ≤ ordy(F4(0, y)) and F2(x, 0) = F3(x, 0) = F4(x, 0) =
0.
Notice that the tangent cone can be considered as the set of all the tangent vectors
of all analytic arcs γ ⊂ X , such that γ(0) = 0. Any analytic arc γ of this form has a
pull-back γ˜ ⊂ R2, such that γ˜(0) = 0. These arcs can be presented in the form (x, f(x))
or (g(y), y), where f and g are some subanalytic functions, such that ordx(f) ≥ 1 and
ordy(g) ≥ 1. The tangent vector of γ is determined by the smallest Puiseux exponent.
Let F2(0, y) = ay
p + o(yp) where a 6= 0 and o(yp) means terms of order > p . Consider
the arcs of the form (byp, y) = γ˜(y), b ∈ R \ {0}. We have
F (byp, y) = (byp, ayp + o(yp), o(yp), o(yp)),
Computing the tangent vector, we obtain (b, a, 0, 0). If p is even, then the tangent vector
of these arcs generate a half-plane and if p is odd, then they generate a two dimensional
plane. The tangent vectors to the other arcs are parallel to the x-axis or the y-axis.
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Namely, if γ˜(x) = (x, cxq), then F (γ˜(x)) = (x, o(xq), o(xq), o(xq)) and the tangent vector
is equal to (1, 0, 0, 0). On the other hand, if γ˜(y) = (byq, y) and q 6= p, we obtain the
tangent vector (b, 0, 0, 0) if q < p or (0, a, 0, 0) if q > p. 
Definition 3.2. For a surface X ⊂ R4 (i.e. closed, connected 2-dimensional semialgebraic
set), such that the tangent cone T0X is contained in a plane R
2
(T ), one can define the polar
set of X and the discriminant set of X as follows: The polar set of X is the set of the
points x ∈ X , such that the derivative dP |X is not an isomorphism, where P : X → R
2
(T )
is the orthogonal projection. The discriminant set is defined as the image of the polar set
by this projection. Notice that, in the semialgebraic case, this set is one-dimensional.
Theorem 3.3. If the tangent cone of X at x0 is a half-plane, then the germ (X, x0) is
not normally embedded.
Proof. Consider the orthogonal projection P : X → R2(T ), where R
2
(T ) is the plane con-
taining the tangent cone Tx0X . The inverse image of any point by the map P is a finite
set (otherwise the tangent cone cannot be contained in this plane). Then one can define
the degree of this map. But the degree is equal to zero, because the map is not surjec-
tive. Consider the polar set of X and let l be a line in R2(T ) which is not tangent to any
component of the discriminant set. Since the degree of the map is equal to zero, then the
germ of line l has at least two inverse image arcs γ1 and γ2. We parametrize these arcs
by the distance to the origin, so that ‖γi(t)‖ = t. Since the line l is not tangent to the
components of the discriminant set one has tordinn(γ1, γ2) = 1. On the other hand, the
arcs γ1 and γ2 are tangent to the line l, hence
tord(γ1, γ2) > 1.
It means that the set X is not normally embedded at x0 by the arc criterion. 
Corollary 3.4. Let (X, 0) be a surface parametrized as the image of a corank 1 map
germ F : (R2, 0) → (R4, 0) such that ordyF (0, y) is even. Then, (X, 0) is not normally
embedded.
4. Height and width of surfaces in R4
Let (X, 0) be a germ of a surface such that T0X is a subset of a 2-dimensional plane
R2(T ). Let us consider P : X → R
2
(T ) the orthogonal projection.
Proposition 4.1. Assume (X, 0) is normally embedded. A subset T ′ ( T0X such that
∀v ∈ T ′ one has #(X ∩ P−1(v)) = 1 has the following structure:
T ′ = V − ∪Tβi ,
where Tβi are Ho¨lder triangles with βi > 1.
METRICALLY UN-KNOTTED CORANK 1 SINGULARITIES OF SURFACES IN R4 5
Proof. Notice that the discriminant set of the projection is a union of semi-analytic arcs
and the function #(X∩P−1(v)) is locally constant on the complement of the discriminant
set. Now, we must prove that the zones where #(P−1(v) ∩ X) > 1 are ”thin” (i.e are
Ho¨lder triangles with exponent bigger than one). Suppose this is not true. It means that
there is a triangle Ti, bounded by two arcs γ1 and γ2 such that γ1 and γ2 are not tangent
at zero and #(P−1(v) ∩X) > 1 on Ti. Take an arc β ⊂ Ti, passing through zero and not
tangent neither to γ1, nor to γ2 such that P
−1(β) ∩X contains two different arcs β˜1, β˜2.
Then β˜1, β˜2 and β are tangent at zero. Let us parametrize β˜1 and β˜2 by the distance to
zero (i.e., ‖β˜i(t)‖ = t). Then tordinn(β˜1, β˜2) = 1 because any path, connecting these two
point must go through P−1(γ1) or trough P
−1(γ2). But this is not possible if (X, 0) is
normally embedded. 
Now, let X be any surface whose tangent cone is a plane at x0 ∈ X .
Let Ti be a Ho¨lder triangle whose boundary is contained in the discriminant set and
#(P−1(v) ∩ X) > 1 on Ti. The triangles Ti, bounded by the discriminant set and such
that for each v ∈ Ti one has #(P
−1(v) ∩ X) > 1 are called the polar triangles. Let us
associate two rational numbers to the triangle Ti. The first number associated to Ti is
called the width of Ti, and is defined as the order of contact of the boundary arcs γ1 and
γ2, i.e., width(Ti) = tord(γ1, γ2). Another rational number is called the height of Ti and
is defined as
height(Ti) = min{tord(β˜1(t), β˜2(t)) : β˜1, β˜2 ⊂ P
−1(β)}.
where β˜1, β˜2 are semi-arcs in X , β ⊂ Ti.
Theorem 4.2. If (X, x0) is normally embedded and the set of polar triangles is non-
empty, then for all Ti, one has
width(Ti) ≥ height(Ti).
Proof. Let us make a Fukuda-like reparametrization of our projection map g : X → R2,
g(x) = ‖x‖ P (x)
‖P (x)‖
. Then the polar and the discriminant set of P is the same as the polar
and the discriminant set of g. Suppose that width(Ti) < height(Ti). The set Ti can be
divided into subsets Ti = ∪Ti,s, such that for all s one has that #{P
−1(v), v ∈ Ti,s} is
constant and there are no discriminant curves belonging to int(Ti,s), that is, Ti,s ∩ ∆ =
∂Ti,s, where ∆ is the discriminant set. By the valuation (isosceles) property, there exists
s such that
ordt‖γ1,s(t)− γ2,s(t)‖ = ordt‖γ1(t)− γ2(t)‖,
where γ1,s, γ2,s are boundary curves of Ti,s. Take an arc γ ⊂ Ti,s such that
ordt‖γ(t)− γ1,s(t)‖ = ordt‖γ(t)− γ2,s(t)‖ = ordt|γ1(t)− γ2(t)‖ = width(Ti).
By the cone structure theorem (see [10]), there exists ǫ > 0 such that X ∩ Bǫ(x0) can be
represented in polar coordinates (θ, t), where θ ∈ S1 and t ∈ (0, ǫ), and S1 represents the
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link of the surface X at x0. For each t there are at least a pair of segments [θ1(t), θ2(t)]
and [θ3(t), θ4(t)] in S
1 such that
• g([θ1(t), θ2(t)]) ⊂ Ti,s g([θ3(t), θ4(t)]) ⊂ Ti,s
• g(θj(t)) ⊂ ∂Ti,s for all j = 1, 2, 3, 4
• g(θ1(t)) 6= g(θ2(t)), g(θ3(t)) 6= g(θ4(t)).
We can choose one of these segments realizing width(Ti) (say [θ1(t), θ2(t)]). Hence on
each segment [θ1(t), θ2(t)], [θ3(t), θ4(t)] there exists a point belonging to an inverse image
of γ. Consider two components γ˜1, γ˜2 of g
−1(γ) belonging two different Ho¨lder triangles
∪t[θ1(t), θ2(t)] and ∪t[θ3(t), θ4(t)] . Then
ord(dinn(γ˜1(t), γ˜2(t))) ≤ ord‖θ1(t)− γ˜1(t)‖ ≤ width(Ti,s).
But, ord‖γ˜1(t) − γ˜2(t)‖ ≥ height(Ti,s) ≥ height(Ti) > width(Ti) = width(Ti,s). This
implies that X cannot be normally embedded. 
5. Normally embedded and corank 1 singularities
In [10], the authors show that for maps F : (R2, 0)→ (R4, 0) such that corank(F ) = 1,
there are four orbits in the 2-jet space with respect to the left-right action. That is, after
2-jets of diffeomorphisms in the source and target, we have that J2(F ) is equivalent to
(x, y2, xy, 0), (x, y2, 0, 0), (x, xy, 0, 0), (x, 0, 0, 0).
By theorem 3.3, if J2(F ) = (x, y2, xy, 0) or J2(F ) = (x, y2, 0, 0) then (X, 0) = F (R2, 0) is
not normally embedded.
We recall that if (X, 0) has isolated singularity, then for small ǫ0 > 0, the linkX∩S
3(0, ǫ)
determines a knot. Moreover, {X ∩ S3(0, ǫ); 0 < ǫ ≤ ǫ0} are all isotopic by the conic
structure ([10], theorem 2.5). We say that X is topologically locally flat at 0 (or that 0 is
non-singular point) when X ∩ S3(0, ǫ) is a trivial knot. Actually, we have X is locally flat
in the sense of Fox and Milnor (see [11]). In this direction, we have the following result:
Theorem 5.1. Let (X, 0) = F (R2, 0) be surface with isolated singularity, where J2(F ) =
(x, xy, 0, 0). If X is normally embedded at 0, then X is locally flat at 0.
Proof. We need some preliminary comments. An orthogonal projection P : R4 → R3
is called stable with respect to X if all the singularities of P (X) are transverse double
points (In the sense of [8]). Notice that the property of being stable is a generic property.
It means that the set of kernels of the non-stable projections is a subanalytic set of
codimension bigger or equal to 1 in RP3. We need the following lemma:
Lemma 5.2. Let (X, 0) = F (R2, 0) ⊂ (R4, 0) be a germ of parametrized surface, where F
has corank 1 in 0. Then, there exists a linear change of variables such that the projection
P (z1, z2, z3, z4) = (z1, z2, z3, 0)
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is a stable projection with respect to X − {0} and the image of the tangent cone of X at
zero by this projection is the tangent cone to P (X). Moreover, the coordinate functions
satisfy the conditions (1).
Proof. Choose a direction of a projection in RP3, such that this direction is transversal to
the tangent cone (plane) of X in 0 and such that the projection is stable. We may choose
the coordinates z1, z2, z3, z4, such that the tangent cone is the plane (z1, z2, 0, 0). Then,
F may be written in these coordinates as follows:
(x, F2(x, y), F3(x, y), F4(x, y)),
where ordy(F2(0, y)) < ordy(F3(0, y)) and ordy(F2(0, y)) < ordy(F4(0, y)). Moreover,
F (x, 0) = (x, 0, 0, 0). Notice, that this change of coordinates does not destroy the stability
of the projection. 
Proof of theorem:
Let X be normally embedded set at 0, by the previous corollary, we have T0X is a
plane and ordyF (0, y) is odd. Moreover, F may be written as follows:
(x, xy + P1(x, y), Q(x, y), R(x, y)),
where P1, Q,R are elements of the ideal M
3
2 = (x
3, x2y, xy2, y3).
Claim 1. Since X is normally embedded in 0, then ordyF (0, y) = ordyQ(0, y) or
ordyF (0, y) = ordyR(0, y).
Proof. Suppose it is not true. It means that, up to a linear change of coordinates,
ordyF (0, y) = ordyP (0, y) < ordyQ(0, y) < ordyR(0, y).
We define the polar set of the surface X with respect to the parametrization F as
follows: Consider the map PT ◦ F : R
2 → R2, where F is the parametrization and PT is
the orthogonal projection of X to T0X , where PT (z1, z2, z3, z4) = (z1, z2, 0, 0), by lemma
5.2. Let Σ be the singular locus of the map PT ◦ F = (x, xy + P1), that is,
Σ = {(x, y) ∈ U ; x+ ∂P1(x,y)
∂y
= 0}.
Then Σ is a smooth curve (has only 1 branch) and admits the parametrization σ(t) =
(ctn−1+o(tn−1), t), n = ordF (0, y), c ∈ R. Observe that the discriminant of the projection
PT : X → T0X is given by
∆ = PT ◦ F (σ(t)) = PT ◦ F (ct
n−1 + o(tn−1), t) = (Ctn−1 + o(tn−1), dtn + o(tn)).
Thus, ∆ is a real cusp, 0 ∈ ∆ ⊂ T0X . Consider T∆ be a Ho¨lder triangle such that the
boundary of T∆ is ∆. Observe that width(T∆) =
n
n−1
.
Notice that height(T∆) is well defined. In fact, without loss of generality, we can
suppose that l1 = {(x, 0); x ≥ 0} is contained in T∆. Then l1 has two inverse images:
(x, 0, 0, 0) and γx = F (γ˜x), where γ˜x 6= (x, 0) is in the zero locus of
xy+P1(x,y)
y
.
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Now, it is sufficient to prove that height(T∆) > width(T∆).
To see this, we need to estimate height(T∆). Consider semialgebraic arcs β1, β2 such
that PT (β1) = PT (β2) = β ⊂ T∆ and β1, β2 realize height(T∆), i.e., height(T∆) =
tord(β1, β2). Let β˜1 be a pull back of β1 and β˜2 be a pull back of β2, i.e., F (β˜1) = β1 and
F (β˜2) = β2. Since F (x, y) = (x, P,Q,R), we can suppose that β, β1, β2 are parametrized
by the x-axis. Then, tord(β1, β2) can be calculated as follows:
ordt‖F ◦ β˜1(t)−F ◦ β˜2(t)‖ = ordt‖(PT ◦F (β˜1), Q(β˜1), R(β˜1))−(PT ◦F (β˜2), Q(β˜2), R(β˜2))‖.
It follows that:
tord(β1, β2) = ‖Q(β˜1)−Q(β˜2), R(β˜1)− R(β˜2)‖.
In other words, we have tord(β1, β2) = min{ordt‖Q(β˜1)−Q(β˜2)‖, ordt‖R(β˜1)−R(β˜2)‖}.
Without loss of generality, we assume that tord(β1, β2) = ‖Q(β˜1) − Q(β˜2)‖. We have
the exponents α1, α2 given by
αi = tord(βi, β) = ordt‖(PT ◦ F (β˜i), Q(β˜i), R(β˜i))− PT ◦ F (β˜i)‖ = ordt‖(Q(β˜i), R(β˜i))‖,
i = 1, 2. By the non archimedian property (see [4]), tord(β1, β2) ≥ tord(βi, β), for some
i, say, i = 1. Then,
ordt‖Q(β˜1)−Q(β˜2)‖ ≥ ordt‖(Q(β˜1), R(β˜1))‖.
We have that β˜1 is contained in T (Σ) (the Ho¨lder triangle with boundary Σ), where
PT (T (Σ)) = T∆.
If β˜1 is not tangent to the y-axis, we have a parametrization given by β˜1(t) = (et, t
α˜i +
o(tα˜i)), α˜i ≥ 1. In this case, βi and β are already parametrized by the tangent vector
(1, 0, 0, 0). Then, since Q,R ∈ M32, we have tord(β1, β2) > ordt‖(Q(β˜1(t)), R(β˜1(t)))‖ >
3 > n
n−1
.
If β˜1 is tangent to y-axes, we have a parametrization β˜1(t) = (ct
α˜ + o(tα˜), t) with β˜1 ⊂
T (Σ). Then, 1 ≤ α˜ ≤ n− 1 and β1(t) = (ct
α˜ + o(tα˜), P (β˜1(t)), Q(β˜1(t)), R(β˜1(t))). Take
the reparametrization
β1(t) = β1(t
1
α˜ ) = (ct+ o(t), P (β˜1(t
1
α˜ ), Q(β˜1(t
1
α˜ ), R(t
1
α˜ )).
Notice that ordt‖(Q(β˜1), R(β˜1))‖ ≥ min{
ordQ(0,t)
α˜
, 2α˜+1
α˜
, 2+α˜
α˜
} > n
n−1
= width(T∆). In fact,
• ordQy(0, y) > ordyP (0, y)⇒
ordQ(0,t)
α˜
> n
n−1
;
• 2α˜+1
α˜
= 1
α˜
+ 2 ≥ 2 + 1
n−1
> n
n−1
;
• 2+α˜
α˜
= 2
α˜
+ 1 ≥ 1 + 2
n−1
> n
n−1
;
Thus, we conclude that height(T∆) > width(T∆) and by theorem 4.2, X is not normally
embedded at 0. 
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End of the proof of the theorem:
Let q = ordyQ(0, y) and p = ordyP (0, y). After a linear change of coordinate, we can
assume ordFy(0, y) = ordyQ(0, y) < ordyP (0, y) < ordyR(0, y). In this case, consider
P3 : R
4 → R3, P3(z1, z2, z3, z4) = (z1, z2, z3, 0) being a generic projection as in lemma ??.
The set P3(X) provides the information on generic diagram of the knot X∩S
3(0, ǫ), when
we consider P3(X) ∩ S
2(0, ǫ), ǫ sufficiently small. The transverse double points of the
diagram of the knot with respect to this projection can be obtained from the equations
(see [9], [8]):
∆P (x, y, u) =
P (x, u)− P (x, y)
u− y
= ∆Q(x, y, u) =
Q(x, u)−Q(x, y)
u− y
= 0⇔
x+ a(yp−1 + . . .+ up−1) + . . . = 0
and
a1(x)+a2(x)(y+u)+a3(x)(y
2+uy+u2)+. . .+b(yq−1+yq−2u+. . .+yuq−2+uq−1)+. . . = 0,
where
Q(x, y) = a1(x)y + a2(x)y
2 + . . .+ aq(x)y
q + . . .
with aq(0) 6= 0. We are interested in the initial terms of this equation. To compute this,
we set Hq−1(y, u) = y
q−1 + yq−2u+ . . .+ yuq−2 + uq−1. Then, we have x = −aHp−1(y, u)
and
∆Q(−aHp−1(y, u), y, u) = a1(−aHp−1(y, u))+a2(−aHp−1(y, u))(y+u)+. . .+bHq−1(y, u)+. . . = 0.
Since q = ordyQ(0, y) < ordyP (0, y) = p, the initial part of this equation is
Hq−1(y, u) = y
q−1 + yq−2u+ . . .+ yuq−2 + uq−1 = 0.
But q − 1 is even, so this equation does not have real solutions 6= (0, 0, 0). Hence, the
projection P3(X) does not have double points and, thus, X ∩ S
3(0, ǫ) is a trivial knot.

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